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Study of the shape of random walks: II. Inertia moment
ratios and the two-dimensional asphericity
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Abstract. A study of some features of the quantities used to describe the shape of random
walks, focusing on the probability distribution of the asphericity of discrete random walks in
two dimensions, is presented. A connection is established between the asphericity distribution
and the probability distribution corresponding to the ratio of the principal inertia moments.
The probability distributions of arbitrary inertia moment ratios are analysed for varying spatial
dimension, and an analytic expression for them is found which presents excellent agreement
with Monte Carlo data in all the cases considered. This function is then used to obtain the
corresponding two-dimensional asphericity distribution, which also proved 1o be a very good
approximation to the true distribution obtained from an independent Monte Carlo simulation.

1. Introduction

In a recent paper [1] we presented a comprehensive study of the shapes of discrete
unrestricted random walks in ¢ dimensions. In that paper we discussed the probability
distribution of several quantities, namely, the principal inertia moments, the asphericity
[1-3] and the angle between the principal axis of inertia and the end-to-end vector [1, 4].

We also found an analytical probability distribution for the inertia eigenvalues which
approximates the Monte Carlo data very well in a number of cases, and have used it to-
construct the corresponding combined probability distribution in order to obtain analytical
expressions for derived quantities such as the asphericity. Among other results, it was
established that the resulting probability distribution for the asphericity in two-dimensional
spaces disagrees significantly from the true one [1].

As mentioned in [1], the study of the shape of random walks is of interest to many
scientists, especially (but not reduced to) those connected with polymer science. For
example, the concept of the shape of random walks has recently been used to analyse
the effect of the concentration [5] or interactions [6] on the mean dimensions of single
polymer chain models. In this paper we are going to present 2 study of some properties of
the asphericity and related quantities which we consider will be useful to applications like
the ones already cited.

The main scope of this work is to present a more complete analysis of the probability
distribution of the asphericity in two dimensions. To this end we establish a connection
between the asphericity distribution and the probability distribution of ratios of inertia
moments. Then we find an analytical expression for such distributions which presents
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an excellent agreement with the distributions obtained from Moute Carlo simulations. The
expression found possesses four external parameters which are set by nonlinear least-squares
fits with the respective Monte Carlo data.

The distribution mentioned is used to obtain an analytical probability distribution for
the asphericity in two-dimensional spaces, and this distributicn is, in turn, checked against
the distribution obtained from an independent Monte Carlo simulation, finding that there is
a very good degree of agreement between both curves.

There exist previous papers which study some related quantities such as the ratios of
mean values of inertia moments [4, 7] of three-dimensional random walks, combinations
of some of these mean values in connection with the asphericity [2, 8], andfor probability
distributions for the three-dimensional asphericity [3). To the best of our knowledge, and
excluding our previous paper {11, there are no other studies of the quantities analysed in
the paper, that is, probability distributions of the two-dimensional asphericity and/or inertia
moment ratios in spaces of arbitrary dimension.

Our paper is organized as follows. In section 2 we present most of the definitions
and basic formulae that will be used throughout this paper. In section 3 we address the
problem of the asphericity in two dimensions, review some results of [1] and establish
the connection with the moment ratios. In section 4 we present a detailed study of the
probability distribution of the inertia moment ratios for arbitrary spatiai dimension. In
section 5 we return to the asphericity, analysing the probability distribution that is obtained
combining the results of sections 3 and 4. Finally, in section 6 we give our conclusicns
and final remarks.

2. Definitions

A random walk of s steps in a d-dimensional space can be defined by specifying 5 4 1
d-dimensional vectors r,, & = 0, ..., s, which represent the positions within the walk [1].
With no loss of generality we will take 9 = 0. We also introduce the step vectors:

Ty = Pyl + €Ex e=1,...,5. (I
For discrete unrestricted random walks with coordination number 24, each one of the vectors
€, may be any one of the unitary vectors +e;, +es,....+es, where B = {e;, ..., eg} is

an orthonormal basis of the d-dimensional space.
To obtain an adequate measure of the shape of a random walk, we use the following
quantities [1]:

(i) The centre of mass:

5

1
= —— . 2
reM s_{_l;?‘a (2)

(ii) The inertia matrix:

Ty =503 Z(Ira Xem) (e —xem)  1<i<d 1< j<d. (3)
oa=0
This matrix is symmetric and positive definite. It possesses d positive eigenvalues
A 2 Ay 2 -+ 2 Ay, and an orthogonal set of 4 eigenvectors.
(iii) The asphericity:

A= ——1- (2 12) (; JL,-)—Z ~1 )
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This quantity takes values between ¢ and I, A = Q (1) corresponds to a perfecily
spherical (rod) shape [Z, 2].

In a computer simulation, statistically independent random walks of a given length s
are generated. In general, this provides a set of random walks with different shapes, which
can be used to build frequency histograms for quantities such as the asphericity and the
principal inertia moments,

Here let us introduce the probability distribution for the principal inertia moments: let
r = min(d, 5}, the eigenvalues A, &k = 1, ..., r distribute accordingly with P.(), which
verifies the normalization condition f0°° Pr(Aydx = 1. In [1] we have found that these
distributions are, with good approximation, chi-squared probability distributions of the form

1- v;;l n—l ( Ukl) '
= r(vk)ak( ) AT ©

where I’(x) stands for the gamma function, and o4 and v, are external parameters [1].
To evaluate the probability distribution of a function G'(A, . .., A4} of the eigenvalues—
such as the asphericity, for example—one needs the combined probability distribution

QG ...\ .
Po(x) = f i f s .. f B 6C — GGs . DG, s ). ©

In general, the combined probability distribution () is not known, and so it is not always
possible to explicitly evaluate the distribution (6). Usually, it is assumed that the probability
distributions for the different A;’s are independent, that is,

QG- s 2 =[] Bl . | ' @
k=1

The eigenvalue ratios
Ai o
Ry = f— I#j (3)
J

constitute a particular example of a function of the eigenvalues. As we shall see later,
these quantities are of particular interest for describing the shapes of random walks in low
d spaces, and especially for £ = 2. For future reference, we are going to introduce here
some related definitions and formulae.

Let Pg, be the probability distribution of R;;. Applying equation (6) to this case, and
after some simple calculations, one obtains

Pg,(2) =f u Qu, zuydue O0gz<oo - ()]
0

where Q(};, A;) is the combined probability distribution of the eigenvalues A; and A;. If
(7) and (5) hold, then Q(A;,2;) = P;(A;)F;(A;) and the integral in (9) can be solved
straightforwardly giving

Iy +vp) (O!jb‘, )v‘ w1 )
' —_— —_—e S .
Pr,(2) = TOIT) \ar, (1 Cam ) Ty 0Lz <00 (10)
oty

Hereinafter we shall take, for convenience and with no loss of generality, { > jf.
With this assumption, and by construction, we have A; < A; and so the true probability

t Itis easy to demonstrate that Pg, {z) =z~ 2Py {z~!) for all i  j.
i if
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distribution for Pg, (z) vanishes for z > 1. Since the distribution (10) is strictly positive
for all z > O (even when i > j), it is clear that it cannot represent the true one in the
general case. Nevertheless, Pg (2) from (10) with z > 1 is very small in al} cases where
(7) adequately represents the true combined probability distribution, and in such situations
it is an acceptable approximation to the true distribution.

In [1] the region of validity of (7) is discussed, amriving at the conclusion that
the probability distributions for two different eigenvalues A; and A;, are approximately
independent when they present a non-significative overlap, and this happens for large 4 and
for i much different from j. The arguments presented in [ 1] can be directly translated to the
case of R;;, and lead us to the concluston that the region where (10) is a good approximation
to the true one is defined by the conditions

d — oo i»j. : (11
It is also possible to establish that in this limit the parameters ;, v;, o and vy verify [1]:
vy >1 i, 12)
iy

When this equation holds, it follows immediately that Pg, (z) from (10) is vanishingly small
for all z > 1, as mentioned previously.

3, The asphericity in the case d = 2
The analytic evaluation of the resulting probability distribution for the asphericity in the

general 4-dimensional case is a challenging problem even if one assumes that (7) and (5)
tiold. Nevertheless, in the particular case d = 2, where the asphericity (4) reduces to

_ 2
A= (___"1 12) (13)

it is possible to evaluate analytically its probability distribution with the result {1]

Py(x) = Ty +v2) 31_-)”l v 2 1
A= INCIRCY (Otl (Oéz) V(1 — /x)?

[BLoY [B(x)) i+
x {[?:.L n ﬁ(}j]vﬁm + [f— i g;&_)_]”l'*'m} (14)
where 0 € x £ 1, and B(x) is defined as
1~
@ = 1+ﬁ" as)

When comparing this distribution against the Monte Carlo data, as we have done in 1],
it is possible to see that both distributions differ significantly, especially for small values of
x. For x — 0 the true distribution takes non-zero finite values, while (14) diverges. This
disagreement is mainly due to the lack of independence between the distributions for A4
and Az [1). ) )

Here we are going to study the analytical form of the two-dimensional asphericity
probability distribution. To this end, we observe that A is connected to the ratio Ry via

1— Ray \
A= . - 16
(1+R2!) (16)
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Therefore, in the two-dimensional case the asphericity’ can be related to a single
quantity—the ratio Rz —and then if one knows Ppg,(z), the probability distribution P, (x)
can be evaluated easily. In fact, a simple and straightforward calculation leads us to

L 1
Jx( — [ﬁ(x)PRzl(ﬁ(x)) + —— B Rz‘(ﬁ(x))} 0 g x<1. an

Notice that if Pg,, from (10) is placed into (17), then (14) is obtained, this being an internal
consistency check of these distributions. On the other hand, if Pg, (z) is null for z > 1,
then the second term in (17) vanishes identicaily (notice that 0 < <1 when 0 < x £ 1),
and one gets

Pylx) =

. 1
Pyx) = mpﬁm(ﬁ(x))- (18)

Of course, these equations are only valid in the d = 2 case; for d > 2 the asphericity
does depend on more than a single eigenvalue ratio. The probability distribution Pg,,
however, can be.studied in the general d case. For this reason it is more convenient to
study the first texm of this distribution and then use (18) to obtain the resulting distribution
for the asphericity. This is what we will do in the follewing sections.

4. The probability distribution for the ratios R;

The distribution (10} was obtained assuming independence between the probability
distributions of A; and A;. As discussed in section 2. equation (10) is a good approximation
to the true distribution in the limit (11). We can therefore consider that the distribution (13}
represents the asymptotic limit of the true one when d >» 1 and i 3> j. We also recall
that we are considering { > j so the true distribution must vanish identically for z >- 1.
Furthermore, it is not difficult to realize (see, for example, [9]) that for sufficiently large s,
aiso Pg, (1} is equal to zero.

If we are looking for an approximation to the true dlstnbutwn, we must consider just
those functions which verify all the mentioned necessary conditions, namely: (i) it is zero
for z > 1, and (ii} it tends asymptotically to (10) in the limit (£1). Of course, additional
conditions must be imposed in order to completely determine the correct distribution. A
usual approach in this direction is to build a parametrized function which verifies all
the necessary requirements for certain parameter ranges, and then adjust the parameters
imposing the additional constraint (or set of constraints) of fitting some given simulation
(or experimental} data.

One such distribution is the following:

I z271(1 —zyr! ‘
S T8 ggegl

Py, (z) = [ U (I +a0 ¢ (19)
0 z>1

where w, «’, ¥ and a are external parameters, and U is a normalizing constant whlch can
be evaluated imposing the usual normalization condition:

=f1_——-—~m =7 (20)

o (1+az)s+e

The integral in (20) can be evaluated analytically [10], and after some algebra the constant

[/ can be put in the form
'yl (w)
Ty + o)

(1 +a)'°“F(y -, w0y +; I:a) @
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where the function F{w, 8; y; z) is the well known hypergeometric function defined as

s of z Of(d-l-l)ﬁ(ﬁ'*'l)z_z )
F(a,ﬁ.y,z)—H-yI! oD TR

(22)

with |z] < 1.
In order to ensure that (19) has all the necessary properties mentioned, we must impose
the following restrictions to the values that the external parameters can take:

w>1 w20 y>1 a>0 (23)

and these parameters should approach the following limits asymptotically for 4 — co and
i>»j:

W= v w =y

y—1 a— (v /(). 24)

It is not difficult to see that when (23) and (24) hold, the necessary conditions (i) and (ii)
are satisfied. In fact (i) is satisfied trivially. To see that (ii) holds it is also necessary to take
into account that while in (19) Pg, (z) = 0 for z 2 1, the distribution (10} is positive for all
z > 0. To show that the two distributions are approximately equivalent in the asymptotic
limit, one must require that Pg, (z) in (10) be vanishingly small for all z 2> 1. This can be
enstred since from (12) we can write

Y g~ lra)> 1. : (25)
o Vy

With this additional result, using the following property of the hypergeometric function:

;o .8 N\, s . _I"(w+1)1"(w’)
F(y &, Wy - I+a) ~ F(1 w,m,1+w,1)——————r(m+w,)
and performing some simple algebra, it is easy to prove the equivalence of both distributions,
that is, that the condition (i) holds.
Therefore, the distribution (19) verifies all the necessary conditions that can be required
a priori. In order to check the validity of (19) to adequately represent the true distribution
in a particular case, we are going to determine the external parameters with the help of
nonlinear least-squares fits to Monte Carlo data, as we shall see in the next section.

(26)

4.1, Test of the distribution (19)

We bhave performed many Monte Carlo simulations obtaining frequency histograms for
several ratios Rj;. The simulations were done similarly as explained in [1]. A certain
number N of independent random walks were generated. For each random walk, the inertia
matrix (3) and the corresponding eigenvalues Ap, ..., Ay were calculated. Then these data
were used 1o build frequency histograms in the following way. (i) A certain number m of
intervals [xg, xpp1), & = 1, ..., m (xz > x; for k > I) were defined such that [x;, xp41]
represents the region of interest for the corresponding variable (x; = 0 and xj,.; = 1 in the
cases of R;; and A). (if) The N Monte Carlo samples are used to evaluate the m frequencies
Je, k= 1,..., m, which represent the number of times the variable happened to lie in the
corresponding interval [xy, x;4q). The fi's are modified to obtain normalized frequencies
fi in the following way:

Jx

o= —tt
" NQoar — &)

k=1,...,m. (27)
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35 T —— T T
d=2
3r d
25}
2r 4
F Ray
15k -
i - “ Figure 1. Probability distribution of the eigenvalue
1-:: i ratio Rzp, in the d = 2, s = 100 case. The
; k : histogram comresponds to normalized Monte Calo
953 data with N = 10° and m = 2000. The
' ...... 7  full curve (not very distinguishable from the Monte
i R Carlo histogram) cormesponds to distribution (19) with
e — . . — . parameters obtained with a nonlinear least-squares fit to
0 0z 0.4 0.6 08 1 the Monte Carlo data. The dotted curve represents (10)
dof Xy with parameters calculated as described in [1],

The relation between these frequencies and an analytical probability distribution P (x)
follows immediately, For N large we can equate f; to N f;‘“ P(x}dx, and therefore

by —2 f " p(rydr = P&). (28)
X1 Xk Xe

for some & & [xp, xppg). If m-is large, the intervals [x;, X¢+;] are small and & can be
approximated satisfactorily by
X4y + X

& = 5

The simulations presented here were performed using very large values of N and m (superior
by more than one order of magmtude to the corresponding ones used in {1]) and therefore
permit the safe use of (28) and (29). -

In the case of the ratios R;;, we have performed simulations in spaces of different
dimensions d, keeping s fixed, generally equal to 100 (we have not detected significant
changes in the distributions for larger values of s).

In figures 14, data corresponding to the cases d = 2, 3, 6, and 30, respectively, is
displayed. In all these figures we have plotted three curves, namely: (i) the Monte Carlo
normalized histogram (full curve). (ii) Pg,, from (19) (full curves), with parameters o, ',
¥ and a obtained from a nonlinear least-squares fit of the distribution to the Monte Carlo
data. The well known Levenberg—Marquardt algorithm {11] was used to perform the fit.
(ili) Pg,, from (10} (dotted curves), with parameters @,, v;, @; and vy obtained from other
independent Monte Carlo simulations as explained in [1].

In table 1 we display some representative values of the parameters used in the plats.
As mentioned, the parameters corresponding to the distribution (19) were obtained from
nonlinear least-squares fits, while the ones corresponding to the asymptotic distribution (10)
were calculated with the method of our previous work (see [1], table 2). We can clearly
see the excellent agreement between the true distribution and (19) (in most cases it is not
possible to distinguish between plots (i) and (ii)), for all values of 4, i and j considered.
The difference between the curves (i) and (ii} is always smaller than the average noise of

(29)
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3 r . . 8 — . - -
= d=3
; d=3 t
251 (a) 1 (b
6 n
2r 4
5F q
P3211.5 F -'-._ ‘J PR.!] 4+
3 -
1 E
2 ol
0.5 1
: b B 14 -
ol : , L o 0 ) St .
Q 0.2 0.4 0.6 0.8 1 i) 0.2 0.4 0.5 0.8 1
Azf M Azf M

Figure 2. Same as figure 1, but in the 4 = 3 case with N = 107 and displaying the ratios (a)
Ra2) and (&) Ry.

Table 1. Represcntative values of parameters corresponding ro the probability distribution (19)
for different ratios Ryy = A,/A), as obtained from nonlinear least squares fits of (19) to the
respective Monte Carlo data. The parameters corresponding to the asymptotic distribution (10)

are also listed.

d i @ v o u ¥ a (een v}/ ()
2 2 6.68 3.22' 0.28 1.92 212 3347 8.28
3 2 10.29 413 0.50 249 2.04 38.50 7.32
[ 2 12,86 6.0% 173 403 1.37 23.56 6.11

30 2 20.47 17.83 13.46 16.19 1.68 592 4,39

30 6 39.76 4242 1629 16.19 1.1t 88.49 95,02

the Monte Carlo data. It is also possible to notice that the asymptotic distribution (10)
separates significantly from the true one in the low d cases, and approaches it when d
is large and/or { > j. Compare, for example, figures 2(a) and (&), and figures 3(a)-
(c).

In the d = 30 case, the two distributions (10) and (19) do not differ significantly. This
also shows up in the values of the parameters obtained from the least-squares fit, especially
for Rg, which are approximately equal to the corresponding asymptotic values of (24) (see
table 1),

We have also performed simulations for many other satios R;; in a variety of situa-
tions obtaining qualitatively similar results. Since we were not able to find previous papers
studying the probability distributions of the ratios R;;, we cannot present comparisons with
independent calculations.

There do exist, however, studies of the ratios of mean values (4, 71:

(As)

= (30)
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L d=
7 » ]

0 0.2 0.4 0.6 0.8 1
Agfhy

45 L L T -7

Frpy,

& . . — Figure 3. Same as figure 1, but in the d = 6 case with
o Doz, 004 006 . DOZ 01 N _ 197 ang displaying the ratios (a), R () Ra and
Ao/ M {¢) Rs). Notice the different scales used in (¢).

and of the mean values (A;}.[1,-8] which can be used to evaluate the corresponding
ratios ri;.  Of course, the quantities R;; and r; are conceptually different and
there is no direct way of comparing them. Nevertheless,- the ratios r; and the
respective mean values (R;;) should be of the same order of magnitude, and so a
comparison between them can be considered as an additional check of the validity of
distribution (19)..

In order to evaluate {R;;}, it is necessary to calculate the integral

1 - o .
(Ry) =fﬁ < Py, () dz. G
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6 r T : .
d=130
sl J
4r 4
FPry 3 1
2F 4
1 - -{
Figure 4. Same as figure 1, but in the 4 = 30 case
0 . . — with ¥ = 105 In this case the three curves, namely,
0 0.2 0.4 0.6 038 1 the Monte Carlo normalized histogram and distributions
dof (19) and (10} are coincident.

Similarly as for the evalvation of (21), we can evaluate, forn = 1,2, ..., the nth moment
of distribution (19) [10]:

n+w—1(1 — Z)y-I i
Rij) = U f (1 +az)“’+“”

H (w+k) |Fly—o+n o+n y+w+n;b) 32)
(1+a)" oy +ot+k) Fly —o', w; y +w; b)
with & = a/(1 + a). {R;;) is then obtained setting n = 1:
@ Fy—-o'+1,0o+1; y+o+1;b)
R," — - 33
Bo) = TG +o) Fly —¢', @; y +w; b) ©3)

Some typical values for the ratios r;; are given in [4]. Here, as well as in [7], only
the d = 3 case is considered, and it is reported that for s very large the ratios ry3 and
ry; are equal to 12.0 and 2.73, respectively. It is also said that these values are in good
agreement with the results obtained in [7], and that they do not depend strongly on 5. From
these numbers, it is easy to obtain the following ratios r;; with { > j: ra; = 0.228 and
ry3 = 0.083, These values should be contrasted with the corresponding ones for {R;;)
coming from (33) with the external parameters taken from the solution of the least-squares
fit, which in the 4 = 3, 5 = 100 case are the following: {R;) =0.301 and (R3;) = 0.117.
It is evident that there is a good qualitative agreement between both pairs of numbers.

From the results reporied in [1] for the mean values (A;} and their respective errors,
and the characteristics of the different probability distributions (equation (5) in this paper),
it is possible to make the following considerations. (i} For large d the standard deviations
of all the quantities considered are very small and so r; and (R;;) should not present
large differences. This can be confirmed analysing some results for 4 = 30, s = 100.
Using the data tabulated in [1] we can calculate, for instance: rg; = 0.027 577 £0.000057.
From equation (33), and using the data of table I, one obtains {Rs) = 0.0294, It is
evident that in this case the difference between ry; and (Ry;) is less significant than in
the d = 3 case of the preceding paragraph. (if) We can see that (R;;} > ry; in all the
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examples that were considered. This can be explained qualitatively in the following way.
Loocking at the probability distributions P;(A) displayed in [1], it is evident that the most
probable value Ay is always less than the respective mean value (A), and that the relative
difference ((A}—~Amp)/ (M) decreases when the label i is increased. A direct inspection of the
different probability distributions shows that the mean value of R;; is approximately equal
to ,lmp,./}.mpj (¢ > j). Therefore we have (Ri1} > Amp, /Amp; > {(A;}/{A1), as expected.

Both the results of the Monte Carlo simulations and the comparisons with related
quantities here presented give strong support to the conclusion that the probability
.distribution of all the ratios R;; (i > j) can be approximated adequately in the form of
(19).

5. Back to the asphericity in the case d =2

As established in section 3, the probability distribution for A in 4 = 2 is related to the
probability distribution of the ratio Ra;. Considering the experimental evidence presented
in section 4, we can assume that Pp,, is of the form of (19). Then, replacing this distribution
into (18) and performing some simple algebra, one obtains the corresponding distribution
for the asphericity:
ar-1 (ﬁ)y-—z(l — ﬁ)m—l

U (14 /07 [@+ D - (@— D]

We have performed an independent Monte Carlo simmlation to obtain a frequency
histogram for the asphericity in the case d = 2 and 5 = 100. We used this data, normalized
accordingly with (27}, to see the corzespondence of (34} with the true distribution, and, at
the same time, to check the global consistency of the present approach.

The data has been plotted in figure 5. The histogram corresponds to the normalized
Monte Carlo data, the full continugus line correspond to distribution (34) with @, ', ¥ and
a taken from the data of table 1 (we have not performed any fit using the asphericity data),
and the dotted curve represents distribution (14). Notice that this figure is a high-resolution

Po(x) = 34

2 ; i i . . .
d=2
151 A
PA nl ..._“"'”-_.,,.:.-" i '-.-__.’_ A
Figure 5. Probability distribution of the asphericity
B in the d = 2, 5§ = 100 case. The histogram
osr % 1  corresponds to normalized Monte Carlo data with N =
10° and m = 5000. The continuous full curve (not
‘ very distinguishable from the Monte Carlo histogram)
L corresponds to distribution (34) with parameters obtained
o A N ; . with 2 nonlinear least-squares fit to the Monte Carlo
0.2 0.4 0.6 03 1 data. The dotted curve represents equation (14) with

A parameters calculated as described in f1].
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T T T T

134} i=2 |

1.32

Figure 6. Detailed plot of the Monte Carlo histogram
of figure 5, showing clearly that both Ps(x) and

, : ; . P} {x) are finite and positive for x — 0. The straight
0.00 0.05 0i0 0I5 020 025 Jipe is a least-squares fit to the Monte Carlo data for
A x € [0, 0.05], and its equation is y = 1.2734-0.233 x.

126 - b

version of figure 6(a) of [1].

It is evident that the distribution (34) and the Monte Carlo data are in very good
agreement, except perhaps near the origin where both curves differ slightly.

Notice that from (34) we have P,(0) =0 for ¥ > 2. If we let ¥ = 2, we obtain

2 (1= Jx)! 35)
U 1+ /32 [(a + 1) — (a — D/F]“™

and so in this case P4(0) = 2/{U{a + 1)?+*] #£ 0. We have therefore a critical behaviour
of P4(x) in the neighbourhood of y = 2. Looking closely at the Monte Carlo data
corresponding to x — 0, one can establish that P4(0) and the derivative P;(0) are both
finite and positive. In fact, in figure 6 we have displayed a small portion of the Monte
Carlo histogram of figure 5. We can see that P4(x) 5 0 for x as small as m™! =2 x 10~4,
The straight line of figure 6 is a least-squares [t to the Monte Carlo data for x < 0.05, and
indicates clearly that P} (0) > 0f.

it is worthwhile mentioning, however, that if a least-squares fit for Pg, is performed
keeping y fixed and equal to 2, the resulting probability distributions obtained for both Ry
and A (equation (35)) do not approximate the respective Monte Carlo data as well as the
distributions plotted in figures 1 and 5 do. This fact indicates that some small corrections to
(19) may be needed in order to obtain probability distributions that will improve the ones
here presented, especially in the d = 2 case and for P4(x) with x — 0.

Palxy=

6. Conclasions and final remarks

We have performed a study of the probability distributions of the ratios of principal
inertia moments, R;;, in arbitrary dimensions and of the asphericity, A, in two-dimensional

+ The fact that P, (0) > 0 indicates that the distribution Pa{x) possesses a maximum for some x 0. In fact,
laoking at figure 5 one can see that the maximum is placed at x ~= 0.3, This is made evident mainly for the low
level of noise of the histogram, due to the very large number of samples used in the Monte Carlo simulations,
Notice that in an earlier reference to the probability distribution of the two-dimensional asphericity [3] it was
reported that its most probable value is placed at x = 0, which is not compatible with the results of our simulation,
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spaces. We have analysed the connection existing between both quantities and compared
the corresponding analytical distributions with Monte Carlo data.

From knowledge of the analytical form of the probability distribution for the moment
ratios in the asymptotic limit for large dimension and negligible overlap between eigenvalue
distributions [1] (d > 1 and £ > j} {equation (10)), it was possible to construct heuristically
a generalization in order to obtain a four-parameter analytical expression for the disribution
in the general case (equation (19)). Performing nonlinear least-squares fits to Monte Carlo
data in order to evaluate the external parameters at each case, it was possible to show that
the distribution obtained agrees excellently with the Monte Carlo data, and that the external
parameters possess the expected behaviour in the case of large spatial dimension.

Using the mentioned distribution (19) in the case of two-dimensional spaces, it was
possible to obtain an analytical expression for the asphericity (equation (34)}, which also
presents a very good agreement with the corresponding Monte Carlo data. However,
both distributions differ slightly in the neighbourhood of the origin, suggesting that some
secondary corrections would be needed in order to improve the accuracy of distribution
(34).
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